/ Chapter 4 \

Time-Dependent Failure Models

* 4.1 The Weibull Distribution
* 4.2 The Normal Distribution
* 4.3 The Lognormal Distribution
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/ 4.1 The Weibull Distribution
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Gble 4.1 Weibull Parameter

Example 4.1 A compressor with a hazard rate func@

ﬂ(t)zi(;jzzx
1000 1000

In this case, =2, 6=1000 hr.

10°°¢

For a desired 0.99 reliability:
R (t ) —e (/1000 Y
The design life is given by
t, =1000+v—1n99 =100.25 hr
From Egs. (4.4) and (4.5),

=0.99

Value Property
0<B<1 Decreasing failure rate (DFR)
B=1 Exponential distribution (CFR)
1<B<2 IFR, concave
B3=2 Rayleigh distribution (LFR)
3>2 IFR, convex
3<B<4 IFR, Approaches normal
K distribution; symmetrical /
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MTTF =1000 F(l + ;j = 886.23 hr

\ /
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=214,601.7

or O =463.25 hr

1
where I'|1+—|=0.886227
2

From Table A.9 in the Appendix.

I'2)=(—1)1=1

\_

a0 02=1°6{F<1+1>‘[F(1+1m A
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ﬂ.l.l Design Life, Median and Mode \

R(t) — e WV _R
The design life is:
¢ =60(-mRr)"” (4.6)
The median time to failure is obtained when R = 0.5,

i =t = O(mos)"”

0.50 med
=0(0.69315)"" (4.7

K Note: BI life =t 49, B.1 life =t 599 /
14
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KF he mode of the distribution: t *

f(t*):maxf(t)

t 20

which results in

o o[-/ p)]""  for p>1
™ 1o for B <1
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Example 4.2 A failure process as a Weibull failure

distribution with a shape parameter = 1/3 and a scale
parameter = 16,000.

1. The reliability function is

R(t)= exp{_(w,tOOO jm}

2. B =1/3, a decreasing failure rate indicating high
infant mortality.

Q/ITFFz 16,000 F(l + I/L?’J =16,000 - 3!=96,000 hr/
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@:e the distribution is highly skewed, the median \

provides a better average. The mode is zero because 3<1.
4. 0 = (16,000 P {r(7)- [P(4)F }= 175,104 x10°
o =418.4x10° hr

5. The characteristic life 1s 16,000 hr. Therefore 63
percent of the failures will occur by this time.

6. If a 90 percent reliability is desired, the design life is
te =16,000 (-1n0.90 ) =18.71 hr

7. Its B1 life is (16,000)(-In 0.99)° = 0.0162 hr,
@icaﬁng a high percentage of early failures. /
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ﬂl.Z Burn-In Screening for Weibull \

s (RS 4 p“ij’f {Eﬂ

exp{—(To/H)ﬂ} 0 0

For a 10-hr burn-in period:

R(f‘lo)—exlg[_( 1+10 jw . ( 0 jm]

16,000 16,000
For R =0.90, the design life t; can be obtained:

R(t4[10)=0.90

137
tp =16,000/ —In0.90 + 10 —-10=101.24 hr
16,000
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/ 4.1.3 Failure Modes \

For a system consisting of » components connected in
series or with n independent failure modes. Each mode is
an independent Weibull failure distribution with fand 6, .

The system failure function is:

o4 - Ea]|

with shape parameter = 3, and characteristic life is:

Iy,
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ﬂxample 4.3 A system consists of five modules, \
where each has a Weibull failure distribution:

1.5 1.5 1.5 15 1.5]7VLS
ool () () ) () (] 18427
3600 7200 5850 4780 9300

and MTTF = 1842.71"(1 +§j =1664.5 cycles

t,.. = (1842.7)0.69315)"° = 14432 cycles

The reliability function for the engine is given by

R(t)zexp{—(@ju}
N /
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4.1.4 Identical Weibull Components

For a system consisting of n serially connected and
independent components with identical failure rate

functions. Bt
At)==| — 4.10
0-5() o)
. . Bt nB e
System fail teis Alt)=) — — =—-I(t
ystem failure rate is A(¢) ;9(‘9} gﬂ()

and R(1)= exp{-n(gﬂ @11)

150 \"*
Example 4.4  R(150)= exp| -4 =0.5637

2000
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Example 4.4 A system with 4 series connectors each
with a Weibull failure rate with = 3/4 and 6= 2000 hr.

System reliability at 150 hours of operation is:

3/4
R(150)= expl:-4( 150 ) }_ 0.5637

2000

o /
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/ 4.1.5 The Three-Parameter Weibull \

t, = minimum life, where 7'> ¢,
This three-parameter Weibull distribution assumes
that no failures exist prior to time ¢,

R(t):exp{-("e 2 ﬂ G (412)

_ EH%YI} t>t, (4.13)

o /
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@ location parameter. \

The variance of this distribution is the same as for the
2-parameter model, but

MTTF =t, + HF(I + %] (4.14)

t . =t,+0(0.69315)”  (4.15)
and the design life #; is

ty=t,+0(-InR)"”  (4.16)

2-parameter Weibull: ¢” = -1,
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To transform the 3-parameter Weibull into the /




ﬂxample 4.5: The 3-parameter Weibull has S 24\
t, = 100, and 6 = 780.

We obtain:

MTTF =100+ 780F(1 +%) =806.99 hr

¢, =100+780(0.69315)"* =811.7 hr

o’ = (780)2{1“(1 +%j— {F[l %ﬂz} =39,384.6

o =198.3hr
4
R(500)=exp _(MJ = 0.933
780
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/ 4.1.6 Redundancy with Weibull Failures\

For a system with 2 identical and independent
components connected in parallel, the system reliability is:

R (0)=1-[1-R(t)}

If R(t)=e?"
then R (t)=1- [1 ey ]2 =2e " _ g2 (4.17)

and MTTF = [ R (c)dt =[ lze'(t/”ﬂ _ g2V sz

K = ZJ;O e gy —I:e'z(t/g)ﬂ dt /
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B 21/ﬂ

ﬁleresultis MTTF:26T(1+%j 0 F[1+%j \

- 91“[1+iJ(2 —27) (4.18)
B
The failure rate for this system (derived in App 4D) is:

pl ~(1/0)P
t 2-2
w055 20 6

The system does not have a Weibull failure rate.

However, when ¢ is large, the failure rate is approximated

as a Weibull distribution. /
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ﬁxample 4.6 two fuel pumps, each has a Weibull\
failure distribution with =2 and 6 = 1000 hr.

Find system reliability for 100-hr operation and the
system MTTF.

1/2 1/2
R,(t=100)=2exp| - 100 ~exp| -2 100 1 9265
1000 1000

MTTF =1000T"(3)2-272)=3500 hr

Q)te: A fuel pump has R (1) = 0.7288, MTTF = 2@
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/ 4.2 The Normal Distribution \ / T—u t— \
F(t)=Pr{T <t}= Pr{ 2 < —}

f(t)zﬁexp{_%(f;—fq m<t<o (420) nfee y}_;(%)a 424)
R(t)= fﬁem[ L) }df (4.21) R(t)=1- @(“T“) (4.25)
7= T%,# with F(f)= cp(’_—j

#(z)= J;_ﬁ/ (422) R

o()=[ ol ) (423) M= 1) " =0l o) .
N WDZN AN Y,
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4.3 The Lognormal Distribution

t

exp| - 12 In t>0  (4.27)

27st 2s b ed

f(t)=

The mean, variance and the mode of the lognormal are:

2 2
MTTF =£>_ expls*/2] (4.28)
mec
2 |
2 2 2 2
o- =t exp(s Iexp(s )— 1] 4.29)
me
[{3.0 —2I.5 —21[] =1.5 =10 -05 0 0.5 1.0 1.5 2 : t = tmEd (4 30)
] 1 : ! 4 ] X 0 mode 2 ’
(c exXp\s
b c)
Figure 4.3¢
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ﬂxample 4.7 \

Find t; 5 such Pr {T > t; 45} = 0.95. Standardizing,

ool s foos 71201 o f(fy5 120
14 14

Using the normal tables: (t; s-120)/14 = -1.645, or
ty.9s=96.97 hr = 8 (12-hr) days.

= i |
0 3 10 15 20 25 30 35 40 45 50
X (c)
Figure 4.4c
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Example 4.8

Solution:

We are given Pr {25,000 < T < 35,00} = 0.905.
Standardizing,

Pr{25,000—,u << 35,000—/1} .90
(o2 (o2

From the normal tables and the symmetry of the
distribution,
Pr{-1.645<z<1.645}=0.90

or 2200074y gas 3300074 s
(o3 (o3
&lving, 1 =30,000 o =3039.5
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3039.5
=1-d(-1.97)=0.9756

24,000 - 30,000) \

Therefore  R(24,000)=1- cp(

\ /
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